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The paper deals with the problem of maximizing the torsional
rigidity of elastic, multiply-connected cylindrical bars. The shapes
of the inner contours are assumed to be known, whereas the shape
of the outer contour is to be determined such that the cross-section
has a given area of cross-section. As well as having direct practical
applications, shape optimization of elastic bars in torsion is of great
interest from the point of view of developing effective analytical
and numerical methods for structural optimization, and such
shape optimization problems are a subject of active research
(Kim and Kim, 2000; Li et al., 2001).
The problem of shape optimal design for elastic bars in torsion
was ﬁrst solved by Polya (1948). It was shown that the following
Saint–Venant’s hypothesis holds true: among all the cylindrical
bars of a singly-connected and convex cross-section the circular
bar has the maximum torsional rigidity. By using a symmetrization
method, Polya and Weinstein (1950) proved that of all multiply-
connected cross-sections with given area and with given joint area
of the holes, the ring bounded by two concentric circles has the
maximum torsional rigidity.
The necessary optimality condition for the optimization
problem with a multiply-connected cross-section was derived by
Banichuk (1975) and Hou et al. (1984). A regular perturbation
technique was employed by Banichuk (1976) and Parbery and
Karihaloo (1977) to obtain approximate solutions of the shape
optimization problems with a doubly-connected cross-section. In
the latter case, an exact solution of the optimization problem
was obtained by Kurshin and Onoprienko (1976) using a complexll rights reserved.
u.eduvariable technique. Finite element algorithms adjusted for struc-
tural shape optimization of elastic bars in torsion were suggested
by Hou et al. (1984) and Mejak (2000). Curtis and Walpole
(1982) obtained an asymptotic solution of the three-dimensional
optimization problem for an axisymmetric hollow shaft with a
speciﬁed inner variable cross-section in the case of small shaft
thickness.
In the papers mentioned above, analytical solutions were con-
structed for the case of a doubly-connected cross-section only. In
the case of a multiply-connected cross-section, as it will be shown
below, the optimization problem has its own peculiarities. In par-
ticular, the limit optimization problem arising as a result of the
asymptotic analysis, generally speaking, will not be solvable for
any admissible conﬁguration of the multiply-connected cross-sec-
tion. This mathematical phenomenon reﬂects the most important
difﬁculty in shape optimization known as the generic non-exis-
tence of classical solutions (Allaire and Henrot, 2001).
The remainder of this paper is organized as follows. In Section 2,
we give a mathematical statement of the problem and the neces-
sary optimality condition. Section 3 deals with the asymptotic
solution of the corresponding singularly perturbed boundary value
problem with known outer contour using the method of matched
asymptotic expansions (Van Dyke, 1964; Il’in, 1992). However,
the application of the asymptotic method is by no means straight-
forward. It is interesting to note that the elastic membrane analogy
fails to determine an appropriate asymptotic ansatz. Consequently,
the results of asymptotic analysis performed in (Nazarov, 1995;
Argatov, 2000) cannot be directly applied for solving the torsion
problem. Section 4 contains explicit asymptotic formulas for the
torsional rigidity. In Section 5, these general formulas are applied
to the case of a circular cross-section and veriﬁed by comparison
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voted to the limit optimization problem and its solvability condi-
tions. In Section 7, the shape optimization problem is solved.
Finally, in Section 8 we present an estimation of the economy
achieved by optimization.
2. Statement of the optimization problem
Consider a set of nP 1 points P1, . . . ,Pn in a plane. Let ðxj1; xj2Þ de-
note the coordinates of the point Pj. For the sake of brevity, the set
of points P1, . . . ,Pn will be denoted by the symbol P. Let d be the
minimum possible distance between two different points belong-
ing to the set P. Let also xj be a simply connected domain with
the boundary Cj. We assume that xj is contained in the circle with
diameter d and center at the origin.
We denote by e a small positive parameter. For any simply
connected domain X with the smooth boundary C circumscribing
all points P, we can introduce a multiply-connected domain Xe
with n small holes x1e ; . . . ;xne (see Fig. 1). We assume that the do-
mains xje and xj are similar with the scale factor e1, i.e.,
xje ¼ fx ¼ ðx1; x2Þ : e1ðx xjÞ 2 xjg. The contour of the domain
xje will be denoted by Cje. Later we shall make an additional
assumption concerning the location of the point Pj inside the con-
vex hull of the domain xje.
Further, let dC be the distance from the setP to the boundaryC.
Then, for any e 2 (0,e0), where e0 = min{2d1dC,1}, the domain Xe
will be (n + 1)-connected.
Consider the torsion problem for an elastic homogeneous iso-
tropic cylindrical bar. Let Xe be the solid part of the bar cross-sec-
tion. The Prandtl stress functionU(x) is deﬁned as a solution of the
following boundary value problem (Lurie, 1999):
 DxUðxÞ ¼ 2; x 2 Xe; UðxÞ ¼ 0; x 2 C; ð1Þ
UðxÞ ¼ Kj; x 2 Cje ðj ¼ 1; . . . ;nÞ: ð2Þ
In accordance with Bredt’s theorem of the tangential stress circula-
tion, the constants K1, . . . ,Kn should be determined from the
conditionZ
Cje
@U
@nx
ðxÞdsx ¼ 2jxjej ðj ¼ 1; . . . ;nÞ: ð3Þ
Here, jxjej ¼ e2jxjj is the area of the domain xje; @=@nx is the outer
(with respect to Xe) normal derivative.
The torsional rigidity of the bar with multiply-connected cross-
sectionXe is equal to GC, where G is the shear modulus and C is the
geometrical torsional rigidity given by the formula
C ¼ 2
Z Z
Xe
UðxÞdxþ
Xn
j¼1
Kjjxjej
0B@
1CA: ð4Þ
It may be noted that the twisting moment,M, and the angle of twist
per unit length of the bar, #, are related through the well knownFig. 1. Multiply-connected cross-section.formula M = GC#. Moreover, the stresses s13 and s23 can be ex-
pressed through the stress function U(x) as follows:
s13 ¼ G# @U
@x2
; s23 ¼ G# @U
@x1
:
The problem of maximizing the torsional rigidity of an elastic bar
with doubly-connected cross-section was considered by Banichuk
(1975) under the assumption that the inner contour is speciﬁed. Fol-
lowing Banichuk (1975), we impose the following design constraint:Z Z
Xe
dx ¼ S: ð5Þ
Here, S is the area of the domain Xe. Notice that the constant S is
supposed to be given.
The necessary optimality condition has the following form
(Banichuk, 1975; Hou et al., 1984):
@U
@nx
ðxÞ ¼ k; x 2 C: ð6Þ
Here, k is a constant which should be determined from Eq. (5). The
additional (along with (1)2) boundary condition (6) serves to deter-
mine the contour C.
Let us assume that the locations of the centers P1, . . . ,Pn of the
small holes x1e ; . . . ;xne as well as their shapes are a priori speciﬁed.
Then, the optimization problem under consideration is formulated
as follows. Given the area S, the shape of the outer contour C
should be determined to maximize the torsional rigidity of the
elastic bar with multiply-connected cross-section Xe.
Since the diameters of the holes x1e ; . . . ;xne are proportional to
the parameter e, it is readily seen that the holes disappear as
e? 0. Thus, using the relations (1), (5), and (6), we formulate the
following unperturbed problem:
 DxU0ðxÞ ¼ 2; x 2 X; U0ðxÞ ¼ 0; x 2 C; ð7ÞZ Z
X
dx ¼ S; ð8Þ
@U0
@nx
ðxÞ ¼ k0; x 2 C: ð9Þ
The solution of the problem (7)–(9) is well known (Pólya and Szegö,
1951). In fact, an elastic bar with the circular cross-section of area S
has the maximal torsional rigidity.
In order to construct an asymptotic solution of the problem
(1)–(6), we apply the method of matched asymptotic expansions
(Van Dyke, 1964; Il’in, 1992).
3. Asymptotics of the solution to the torsion problem
In this section, we do not take into account Eqs. (5) and (6).
Thus, we assume that the domain X is ﬁxed. Let us consider the
behavior of the solution of the problem (1)–(3) as e? 0.
We deﬁne
UðxÞ ¼ U0ðxÞ þ uðxÞ; ð10Þ
where U0(x) is the unique solution of the limit problem (7).
Substituting (10) in (1)–(3), we obtain the following problem
for determining the auxiliary function u(x):
DxuðxÞ ¼ 0; x 2 Xe; uðxÞ ¼ 0; x 2 C; ð11Þ
uðxÞ ¼ Kj U0ðxÞ; x 2 Cje; ð12ÞZ
Cje
@u
@nx
ðxÞdsx ¼ 0 ðj ¼ 1; . . . ; nÞ: ð13Þ
Notice that in deriving the relation (13) from (12), we take into ac-
count Eq. (6) for the function U0(x).
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to the problem (11)–(13) will be constructed in the form of the fol-
lowing two asymptotic expansions. The outer asymptotic
expansion
uðxÞ ¼ e2v2ðxÞ þ e3v3ðxÞ þ    ð14Þ
is supposed to be valid far from the points P.
The inner asymptotic expansions (j = 1, . . . ,n)
uðxÞ ¼ wj0ðnjÞ þ ewj1ðnjÞ þ e2wj2ðnjÞ þ    ð15Þ
are supposed to serve as an approximation for the solution u(x) in
small neighborhoods of the holes x1e ; . . . ;xne .
The terms of outer asymptotic expansion (14) are chosen
among the solutions of the following limit problem:
DxvpðxÞ ¼ 0; x 2 X nP; vpðxÞ ¼ 0; x 2 C: ð16Þ
The homogeneous boundary value problem (16) will have nontriv-
ial solutions if we allow the function vp(x) to have singularities at
the points P1, . . . ,Pn.
Further, the terms of inner asymptotic expansion (15) are de-
ﬁned in terms of the stretched coordinates
nj ¼ e1ðx xjÞ: ð17Þ
Eqs. (11) and (12) yield the following relations for determining the
terms of inner asymptotic expansion (15):
DnwjqðnjÞ ¼ 0; nj 2 R2 n xj ðq ¼ 0;1; . . .Þ; ð18Þ
wj0ðnjÞ ¼ K0j U0ðPjÞ; nj 2 Cj; ð19Þ
wj1ðnjÞ ¼ K1j rxU0ðPjÞ  nj; nj 2 Cj: ð20Þ
Here the dot denotes the scalar product,
wj2ðnjÞ ¼ K2j þ
1
2
jnjj2 u2j0 ðnjÞ; nj 2 Cj; ð21Þ
wjqðnjÞ ¼ Kqj uqj0 ðnjÞ; nj 2 Cj ðq ¼ 3;4; . . .Þ: ð22Þ
Observe that in view of Eq. (7), we have U0ðxÞ ¼ ð1=2Þðx21 þ x22ÞþeU0ðxÞ, where the harmonic function eU0ðxÞ admits the expansioneU0ðxÞ ¼ eU0ðPjÞ þ rx eU0ðPjÞ  ðx xjÞ
þ
X1
q¼2
jx xjjq a0jq cos quj þ b0jq sin quj
 
:
The boundary conditions (19)–(22) were obtained from the condi-
tion (12) by substituting the following expansion along with (15):
Kj ¼ K0j þ eK1j þ e2K2j þ    ðj ¼ 1; . . . ;nÞ: ð23Þ
At that, the Taylor series expansion of the function U0(x) about
x = Pj was used and the following notation was introduced:
uqj0 ðnjÞ ¼ qqj a0jq cos quj þ b0jq sin quj
 
ðq ¼ 2;3; . . .Þ: ð24Þ
Here, qj = —nj— and uj are the polar coordinates introduced on the
plane of stretched coordinates.
Finally, the boundary condition (13) takes the formZ
Cj
@wjq
@nn
ðnjÞdsn ¼ 0 ðq ¼ 0;1; . . .Þ: ð25Þ
In view of (25), the solution of the problem (18), (19) is trivial:
wj0ðnjÞ  0; K0j ¼ U0ðPjÞ: ð26Þ
Let wjrðnÞ ðr ¼ 1;2Þ be solutions to the following problem (see, Pólya
and Szegö (1951), Appendix G):Dnw
j
rðnÞ ¼ 0; n 2 R2 n xj; wjrðnÞ ¼ nr þ cr ; n 2 Cj; ð27Þ
wjrðnÞ ¼ Oðjnj1Þ; jnj ! 1: ð28Þ
The additive constant cr in the boundary condition (27) should be
chosen to ensure that the asymptotic condition (28) is satisﬁed.
We denote by Gj1ðnÞ Green’s function to the following external
Dirichlet boundary value:
DnG
j
1ðnÞ ¼ 0; n 2 R2 n xj; Gj1ðnÞ ¼ 0; n 2 Cj;
Gj1ðnÞ ¼ ð2pÞ1 ln jnj þ Oð1Þ; jnj ! 1:
Recall that the following equality holds for any bounded-at-inﬁnity
solution wj1ðnjÞ of the external Dirichlet problem (18), (20):
wj1ð1Þ ¼
Z
Cj
wj1ðnÞ
@Gj1
@nn
ðnÞdsn: ð29Þ
In accordance with the asymptotic condition (28), we have
0 ¼
Z
Cj
ðnr þ crÞ
@Gj1
@nn
ðnÞdsn ðr ¼ 1;2Þ: ð30Þ
Now, taking into account formula (28) and the equalityZ
Cj
@Gj1
@nn
ðnÞdsn ¼ 1;
we can determine values of the constants c1 and c2 in a general case.
Thus, it can be readily seen (in particular, from (30)) that the
equalities
cr ¼ 0 ðr ¼ 1;2Þ ð31Þ
hold true, if the origin of the coordinate system is chosen at the
point Pj with the stretched coordinates ðnj1 ; nj2 Þ determined by the
formula
njr ¼
Z
Cj
nr
@Gj1
@nn
ðnÞdsn ðr ¼ 1;2Þ:
Since the geometry of the domain xj is ﬁxed, the point Pj will
henceforth be considered to be coinciding with the point Pj . Hence,
the conditions (31) take place. Note that changing the origin of the
coordinate axes by replacing the point Pj with P

j does not modify
the geometry of the domain xj. The corresponding transformation
of coordinates only simpliﬁes the formulas given below.
Thus, the solution of the problem (18), (20), (25) with the con-
dition (31) taken into consideration can be represented in the form
wj1ðnjÞ ¼ K1j 
X2
r¼1
@U0
@xr
ðPjÞwjrðnjÞ: ð32Þ
Since the function wj1ðnjÞ decreases as jnj?1, in view of the rela-
tions (29)–(31), we get
K1j ¼ 0: ð33Þ
To construct the leading term of the outer asymptotic expansion
(14), the following asymptotic formula which reﬁnes formula (28)
will be required:
wjrðnÞ ¼ Wjr1n1 þWjr2n2
 
jnj2 þ Oðjnj2Þ; jnj ! 1: ð34Þ
Notice that in the domain jnjj > Rj, where Rj is such that jnjj < Rj if
nj 2xj, the following expansion takes place:
wjrðnjÞ ¼
X1
q¼1
jnjjq Ajq cos quj þ Bjq sinquj
 
:
Thus, formula (34) extracts the leading term (q = 1) from the
expansion.
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(r,s = 1,2) will be called the polarization matrix for xj.
From the relations (32)–(34), we get
ewj1 e
1ðx PjÞ
  ¼ e2 X2
r;s¼1
@U0
@xr
ðPjÞW
j
rsðxs  xjsÞ
jx Pjj2
þ Oðe3jx Pjj2Þ:
ð35Þ
Therefore, from the matching procedure of the method of matched
asymptotic expansions, we obtain
v2ðxÞ ¼ 
Xn
j¼1
2p
X2
r;s¼1
@U0
@xr
ðPjÞWjrsGðsÞj ðxÞ: ð36Þ
Here, GðsÞj ðxÞ, (s = 1,2), are solutions of the following problem:
DxG
ðsÞ
j ðxÞ ¼ 0; x 2 X n Pj; GðsÞj ðxÞ ¼ 0; x 2 C;
GðsÞj ðxÞ ¼
xs  xjs
2pjx Pjj2
þ gðsÞj ðxÞ; gðsÞj ðxÞ ¼ Oð1Þ; x! Pj:
ð37Þ
Notice that the following equality takes place for any harmonic
function v(x) in the domain X:
@v
@xs
ðPjÞ ¼ 
Z
C
vðxÞ @G
ðsÞ
j
@nx
ðxÞdsx ðs ¼ 1;2Þ: ð38Þ
Now, the explicit expression (36) for the leading term of outer
asymptotic expansion implies the following asymptotic condition
at inﬁnity for the third term of inner asymptotic expansion:
wj2ðnjÞ ¼wj2ð1ÞþOðjnjj1Þ; jnjj !1;
wj2ð1Þ ¼ 2p
X2
r;s¼1
@U0
@xr
ðPjÞWjrsgðsÞj ðPjÞ
X
k–j
2p
X2
r;s¼1
@U0
@xr
ðPjÞWjrsGðsÞk ðPjÞ:
ð39Þ
Letwj2ðnjÞ be the unique bounded-at-inﬁnity solution of the external
Dirichlet problem (18), (21). Then, the boundary condition (25) is
satisﬁed automatically. Consequently, the constant K2j is deter-
mined from (39), (29) in the form
K2j ¼ wj2ð1Þ þ
Z
Cj
u2j0 ðnÞ 
1
2
jnj2
 
@Gj1
@nn
ðnÞdsn: ð40Þ
The method of matched asymptotic expansions allows us to deter-
mine step by step the terms of outer (14) and inner (15) asymptotic
expansions. Further simpliﬁcations in the calculations can be
achieved if we assume that each of the domains xj (j = 1, . . . ,n)
has at least two axes of symmetry.
Indeed, suppose that the domain xj has two axes of symmetry
passing through the origin. Then, it is not hard to show that the
expansion (34) does not contain the term O(jnjj2). Therefore, the
remainder in formula (35) will be estimated as O(e4jx  Pjj3).
Hence, the second terms of inner asymptotic expansions (15) do
not affect the second term of outer asymptotic expansion (14). In
other words, the function v3(x) should not have any singularity.
Thus, v3(x)  0.
Further, analogously to (39), we obtain for the function wj3ðnjÞ
the following asymptotic matching condition:
wj3ðnjÞ ¼ 2p
X2
r;s¼1
@U0
@xr
ðPjÞWjrsrxgðsÞj ðPjÞ  nj 
X
k–j
2p
X2
r;s¼1
@U0
@xr
ðPjÞWjrsrxGðsÞk ðPjÞ  nj þ Oðjnjj1Þ: ð41Þ
The solution of the problem (18), (22), q = 3, (41) can be represented
in the form of a sum of the linear function extracted in (41) and a
unique bounded-at-inﬁnity solution. Moreover, in view of the sym-
metry of the domain xj, the condition (25) implies that K3j ¼ 0.
Therefore, the function (24), q = 3, is even.4. Asymptotics of the torsional rigidity
In accordance with the relations (4) and (10), we have
C ¼ 2
Z Z
Xe
U0ðxÞdxþ 2
Z Z
Xe
uðxÞdxþ 2
Xn
j¼1
Kjjxjej: ð42Þ
Applying the second Green formula and taking into account the
relations (7) and (11), we obtain
2
Z Z
Xe
uðxÞdx ¼
Xn
j¼1
Z
Cje
U0ðxÞ @u
@nx
ðxÞ  uðxÞ @U0
@nx
ðxÞ
 
dsx: ð43Þ
Now applying the ﬁrst Green formula and taking account of the
boundary conditions (12), we deriveZ
Cje
uðxÞ @U0
@nx
ðxÞdsx ¼ 2Kjjxjej  2
Z Z
xje
U0ðxÞdx
þ
Z Z
xje
jrxU0ðxÞj2dx: ð44Þ
Thus, employing the relations (43) and (44), we can rewrite formula
(42) in view of the condition (13) as follows:
C ¼ 2
Z Z
X
U0ðxÞdx
Xn
j¼1
Z Z
xje
jrxU0ðxÞj2dx
þ
Xn
j¼1
Z
Cje
U0ðxÞ U0ðPjÞ
 	 @u
@nx
ðxÞdsx: ð45Þ
Substituting the inner asymptotic expansion (15) into formula (45),
we obtain
C ¼ C0 þ e2C1 þ e3C2 þ e4C3 þ    ; ð46Þ
where C0 is the (geometric) torsional rigidity of the cross-section
X, i.e.,
C0 ¼ 2
Z Z
X
U0ðxÞdx: ð47Þ
Evidently, the ﬁrst correction is found to be
C1 ¼
Xn
j¼1
Z
Cj
rxU0ðPjÞ  n @w
j
1
@nn
ðnÞdsn  jrxU0ðPjÞj2jxjj: ð48Þ
It may be noted that using the method developed by Pólya and
Szegö (1951), Maz’ya and Nazarov (1988), we can prove the
equalityZ
Cj
wjrðnÞ
@wjs
@nn
ðnÞdsn ¼ drsjxjj þ 2pWjrs; ð49Þ
where drs is the Kronecker symbol.
Recall also that the following representation takes place for the
components of polarization matrix (Pólya and Szegö, 1951):
2pWjrs ¼ drsjxjj þ
Z Z
R2n xj
rnwjrðnÞ  rnwjsðnÞdn:
From this equality it immediately follows that the polarization ma-
trix Wj is symmetric and positive deﬁnite under the condition that
jxjj– 0.
Taking into consideration the equality (49), we can rewrite the
relation (48) as follows:
C1 ¼ 2p
Xn
j¼1
rxU0ðPjÞTWjrxU0ðPjÞ: ð50Þ
Here, T denotes the transpose operation.
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shape functional C(Xe,U) with respect to the creating the small
hole x0e at the point Pj in the interior of the domain X is deﬁned as
follows (Eschenauer et al., 1994; Sokołowski and _Zochowski,
1999):
T0xðx0Þ ¼ lime!0þ
CðXe;UÞ  C0ðX;U0Þ
jxjej
:
Thus, from formula (50) it immediately follows that
T0xðPjÞ ¼ 
2p
jxjjrxU0ðPjÞ
TWjrxU0ðPjÞ:
The obtained formula agrees with the result obtained by (Feijóo
et al., 2003) in the case of a circular hole x0e using the domain trun-
cation method.
Further, under the assumption that the ﬁgure xj has at least
two axes of symmetry, we obtain C2 = 0 and
C3 ¼
Xn
j¼1
Z
Cje
rxU0ðPjÞ  n@w
j
3
@nn
ðnÞþu3j0 ðnÞ
@wj1
@nn
ðnÞ
(
þ 1
2
jnj2 þu2j0 ðnÞ
 
@wj2
@nn
ðnÞ
)
dsn 
Xn
j¼1

Z Z
xj
rn 21jnj2 þu2j0 ðnÞ
 


 


2 þ 2rxU0ðPjÞ rnu3j0 ðnÞ dn: ð51Þ
Notice that the last integrals in (51) can be expressed in terms of the
moments of inertia of the ﬁgure xj with respect to the axes passing
through the point Pj parallel to the coordinate axes.
5. Torsional rigidity of a circular cylinder weakened by several
longitudinal holes with small cross-sections
Assuming that X is a circle of radius R with the center at the
point P0, we will have
U0ðxÞ ¼ 21jx P0j2 þ 21R2: ð52Þ
Notice that rxU0ðxÞ ¼ ðx1  x1; x2  x2ÞT.
Since uqj0 ðnÞ  0 ðq ¼ 2;3; . . . ; j ¼ 1; . . . ;nÞ, we come to the
relations
wj2ðnjÞ ¼ K2j þ 21wj0ðnjÞ; ð53Þ
wj2ðnjÞ ¼ 2p
X2
r;s¼1
@U0
@xr
ðPjÞWjrs
X2
q¼1
@gðsÞj
@xq
ðPjÞ þ
X
k–j
@GðsÞk
@xq
ðPjÞ
( )
wjqðnjÞ  njq
h i
; ð54Þ
where wj0ðnjÞ satisﬁes the following problem:
Dnw
j
0ðnÞ ¼ 0; n 2 R2 n xj; wj0ðnÞ ¼ jnj2; n 2 Cj;
wj0ðnÞ ¼ Oðjnj1Þ; jnj ! 1:
ð55Þ
Substituting the expressions (53) and (54) into formula (51), we ob-
tain after some algebra
C3 ¼
Xn
j¼1
ð2pÞ2
X2
p;q¼1
@U0
@xp
ðPjÞWjpq
X2
r;s¼1
@U0
@xr
ðPjÞWjrs
@gðsÞj
@xq
ðPjÞ þ
X
k–j
@GðsÞk
@xq
ðPjÞ
" #
 1
4

Z Z
R2n xj
jrnwj0ðnÞj2dn Ij; ð56Þ
where Ij is the polar moment of inertia of xj.Let f = fj(z) be the function realizing a conformal mapping of the
circle X on the plane of complex variable z = x1 + ix2 onto the inte-
rior of a unit circle jfj < 1 such that fj(zj) = 0 and arg f0(zj) = 0. The fol-
lowing formula holds (Carrier et al., 1966):
fjðzÞ ¼ Rðz zjÞ
R2  zjz
: ð57Þ
It is easy to check that the functions (2p)1Re (f1  f) and (2p)1
Re i(f1 + f) satisfy the problem (37) for the unit circle with the
speciﬁed singularity at its center. Thus, taking into account the
stretching coefﬁcient at the point zj ¼ xj1 þ ixj2, we ﬁnd
Gð1Þj ðzÞ ¼ ð2pÞ1jf 0j ðzjÞjReðfjðzÞ1  fjðzÞÞ;
Gð2Þj ðzÞ ¼ ð2pÞ1jf 0j ðzjÞjRe iðfjðzÞ1 þ fjðzÞÞ:
ð58Þ
Using formulas (57) and (58), one can evaluate the derivatives in
the right-hand side of (56). In particular, we have
@gðsÞj
@xq
ðPjÞ ¼  R
2
2p R2  jxj  xj2
 2 dsq: ð59ÞExample 2. Let us consider the case of a single circular hole of
radius ae = ea1 with the center at the point P1, which is located at
distance l from the center of the circular cross-section. In accor-
dance with formulas (46), (50), (56), and (59), we ﬁnd
C ’ pR
4
2
 e22pl2a21  e4
2pl2a41R
2
ðR2  l2Þ2
þ pa
4
1
2
 !
: ð60Þ
Formula (60) agrees with the known solution (Muskhelishvili,
1953) (see, Section 140a, formula (14)).6. Limit optimization problem
In this section, we formulate and solve the limit optimization
problem of ﬁnding a circular outer contour maximizing the two-
term asymptotic representation of the geometrical torsional rigid-
ity. The solvability of the corresponding problem for determining
the coordinates of the center of the optimal circular contour is also
studied.
Recall that the solution of the unperturbed optimization prob-
lem (7)–(9) is the circleX of radius R0 = (S/p)1/2. In accordance with
the relations (46), (47), and (50), the following asymptotic formula
takes place for the geometric torsional rigidity of an elastic bar
with the perturbed cross-section Xe:
C ’ C0  2pe2
Xn
j¼1
rxU0ðPjÞTWjrxU0ðPjÞ: ð61Þ
Recall also that the solution U0(x) of the boundary value problem
(7) in the case of a circular domain X is
U0ðxÞ ¼ 21jx P0j2 þ 21R20: ð62Þ
Taking into account the relation rxU0ðxÞ ¼ ðx1  x1; x2  x2ÞT and
substituting the expression (62) into formula (61), we get
C ’ C0  2pe2
Xn
j¼1
ðxj  xÞTWjðxj  xÞ; ð63Þ
where xj ¼ ðxj1; xj2ÞT and x ¼ ðx1; x2ÞT are vector columns.
The coordinates ðx1; x2Þ of the center P0 of the circle X can be
found from the condition that the right-hand side of (63) attains
its maximum. Thus, we obtainXn
j¼1
Wjx ¼
Xn
j¼1
Wjxj: ð64Þ
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Eq. (64) has a unique solution in the form
x ¼
Xn
j¼1
Wj
 !1Xn
j¼1
Wjxj: ð65Þj jExample 3. Let x be a circle of radius aj. Then, we have W ¼ a2j E,
where E is an identity matrix. Therefore, the coordinates of the
point P0 are
xi ¼
Xn
j¼1
a2j
 !1Xn
j¼1
a2j x
j
i ði ¼ 1;2Þ:
In other words, the point P0 is the center of gravity of the system of
points Pj with the weights a2j ðj ¼ 1; . . . ;nÞ.Example 4. Suppose that all the ﬁgures x1, . . . ,xn are similar.
Then, since the elements of polarization matrix have the dimension
[L2], where L is the dimension of length, we can write out the fol-
lowing representation: Wjpq ¼ jxjj eWpq, where eWpq are dimension-
less. We underline that for similar ﬁgures x1, . . . ,xn, the
quantities eWpq coincide. Thus, we obtainXn
j¼1
Wj ¼ eWXn
j¼1
jxjj;
Xn
j¼1
Wjxj ¼ eWXn
j¼1
jxjjxj;
Xn
j¼1
Wj
 !1
¼
Xn
j¼1
jxj
 !1
ð eWÞ1:
Thus, in the nonsingular case, when jxjj– 0 (j = 1, . . . ,n), substitut-
ing the last two expressions into formula (64), we arrive at the fol-
lowing formula:
xi ¼
Xn
j¼1
jxjj
 !1Xn
j¼1
jxjjxji ði ¼ 1;2Þ: ð66Þ
We underline that Eq. (66) is not satisﬁed in the case of different
orientations of the holes axes. Namely, the assumptions made in
deriving formula (66) are of such a character that the domain xje
can be formed from the domain x1(e) by uniform stretching with
a subsequent parallel translation.Theorem 5. Let Wj1 and W
j
2 be the eigenvalues of the polarization
matrix Wj such that Wj2 6 W
j
1. We put
xi ¼
Xn
j¼1
pj
 !1Xn
j¼1
pjx
j
i ði ¼ 1;2Þ; pj ¼
1
2
ðWj1 þWj2Þ; ð67Þ
where pj is the mean polarization.
Assume that all the points P can be covered by a circle of and
radius R* with the center at the point P* with coordinates (67), i.e.,
kxj  xk 6 R ðj ¼ 1; . . . ;nÞ: ð68Þ
Assume also that the following condition holds:
R
1 d < R0: ð69Þ
Here, d is deﬁned by
d ¼
Xn
j¼1
pj
 !1Xn
j¼1
dj; dj ¼ 12 ðW
j
1 Wj2Þ: ð70Þ
Then Eq. (64) has a unique solution given by formula (65). Moreover,
the following inequality is satisﬁed:
kxj  xk 6 R0 ðj ¼ 1; . . . ;nÞ: ð71ÞIn other words, the interior of the circle of radius R0 with the center at
the point P0 contains all the points P.Proof. Let us make the substitution x = x* + z into Eq. (64). More-
over, we putMj =Wj  pjE, where E is the identity matrix. Hence, by
deﬁnition of the point x*, Eq. (64) implies the following equation
for determining the vector z:
ðEþMÞz ¼ p1
Xn
j¼1
Mjðxj  xÞ: ð72Þ
Here we introduced the notation
M ¼ p1
Xn
j¼1
Mj; p ¼
Xn
j¼1
pj: ð73Þ
Suppose that the main axes of the polarization tensor for the ﬁgure
xj are rotated through an angle hj with respect to the axes of the
coordinate system On1n2. Then, the following representation takes
place:
Mj ¼ dj
cos 2hj sin 2hj
sin 2hj  cos 2hj
 
:
It is easy to show that the eigenvalues of Mj are equal to ±dj. Conse-
quently, kMjk = dj is the spectral matrix norm induced by the Euclid-
ean vector norm k  k.
Further, the matrix M deﬁned by the ﬁrst formula (73) has the
normkMk ¼ p1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXn
j¼1
dj cos 2hj
 !2
þ
Xn
j¼1
dj sin 2hj
 !2vuut : ð74Þ
It is not hard to see that the square root on the right-hand side of
(74) is equal to the module of the complex numberPn
j¼1dj expði2hjÞ. Thus, we come to the estimate
kMk 6 d; ð75Þ
where d is given by (70). Moreover, the equal sign in (75) takes
place in the case when the main axes of all the holes xje ðj ¼ 1;
. . . ; nÞ are parallel.
Since d < 1 (see formula (70)), the inverse matrix (E +M)1
exists, and therefore the estimate k(E +M)1k 6 (1  d)1 is true
(see, for example, Lancaster (1969), Theorem 7.1.1). Thus, we
obtain the following estimate for the solution of Eq. (72):kzk 6 kðEþMÞ1kp1
Xn
j¼1
kMjkkxj  xk
6 ð1 dÞ1p1
Xn
j¼1
djkxj  xk:
Taking into account (68), we ﬁnally obtain
kzk 6 dð1 dÞ1R: ð76Þ
Further, using the triangle inequality, we get
kxj  xk 6 kxj  xk þ kzk:
From this inequality, taking into consideration (68) and (76), we de-
rive the following one:
kxj  xk 6 ð1 dÞ1R: ð77Þ
Thus, in view of the assumption (69), the inequality (77) immedi-
ately implies the assertion of the theorem.
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In this section, we present an asymptotic solution to the optimi-
zation problem of determining a nearly circular outer contour. In
fact, now we consider the inﬂuence of the holes x1e ; . . . ;xne on
the shape of the contour C of the optimal cross-section Xe. We
emphasize that the function (10), with the leading term of outer
asymptotic expansion (14) taken into account, does not satisfy
the optimality condition (6).
We deﬁne the radius R of the circle X with the center at the
point P0 by the new formula
pR2 ¼ Sþ
Xn
j¼1
e2jxjj: ð78Þ
Eq. (78) implies that the condition (5) will be satisﬁed exactly. We
underline that replacing R0 with R in formula (62), we do not change
the gradient rxU0(x).
In polar coordinates r = jx  xj and h, the equation of contour C
takes the form
r ¼ Rþ heðhÞ; h 2 ½0;2pÞ; ð79Þ
where we put
heðhÞ ¼ e2h1ðhÞ: ð80Þ
The inner unit normal vector to the contour (79) is given by the
formula
nðhÞ ¼ r0ðhÞ2 þ rðhÞ2
 1=2
rðhÞrðhÞ  r0ðhÞhðhÞð Þ: ð81Þ
Here, r(h) = coshi + sinhj and h(h) = sinhi + coshj are the unit ba-
sis vectors of the polar coordinate system, the stroke denotes differ-
entiation with respect to h.
In polar coordinates, the directional derivative of the function
U(x) in the direction of the vector (81) can be evaluated using
the formula
@U
@n
¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r0ðhÞ2 þ rðhÞ2
q rðhÞ @U
@r
 r
0ðhÞ
rðhÞ
@U
@h
 
: ð82Þ
Applying the boundary shape perturbation method (see, for exam-
ple, Van Dyke (1964)), we transfer the boundary conditions (1)1
and (6) from the perturbed contour to the unperturbed contour de-
ﬁned by the equation r = R as follows:
UðRþ e2h1ðhÞ;hÞ ¼UðR;hÞ þ e2h1ðhÞ@U
@r
ðR;hÞ þ    ; ð83Þ
@U
@n
ðRþ e2h1ðhÞ;hÞ ¼ @U
@r
ðR;hÞ þ e2 h1ðhÞ@
2U
@r2
ðR;hÞ  h
0
1ðhÞ
R2
@U
@h
ðR;hÞ
 !
þ    ð84Þ
The solution of the problem (1)–(6) in the region far from the holes
x1e ; . . . ;xne can be represented as
UðxÞ ’ U0ðxÞ þ e2 v2ðxÞ þ V2ðxÞð Þ: ð85Þ
Here, U0(x) and v2(x) are given by formulas (62) and (36), respec-
tively, where the radius R0 should be replaced with the radius R de-
ﬁned by formula (78).
The additional term V2(x) (as compared with the outer asymp-
totic expansion (14)) has been introduced owing to the variation of
the domain boundary.
Let us substitute the expression (85) into the boundary condi-
tions (1)1 and (6). Taking (83) and (84) into account and using
the standard procedure of the perturbation method, we obtain that
the function V2(x) must satisfy the following boundary conditions:
V2ðR; hÞ ¼ Rh1ðhÞ; ð86Þ
@V2
@r
ðR; hÞ  h1ðhÞ þ @v2
@r
ðR; hÞ ¼ k2: ð87Þ
Here, k2 is a some constant.The design constraint (5) imposes the following constraint on
the function h1(h):Z 2p
0
h1ðhÞdh ¼ 0: ð88Þ
Substituting (85) into Eq. (1), we ﬁnd that the function V2(x) will be
harmonic in X. Thus, we haveZ
C
@V2
@nx
ðxÞdsx ¼ 0: ð89Þ
Since the function GðkÞj ðxÞ has a dipole type singularity at the point
Pj, the function v2(x), which is deﬁned by formula (36), also satisﬁes
the condition analogous to (89), i.e.,Z
C
@v2
@nx
ðxÞdsx ¼ 0: ð90Þ
Thus, integrating the relation (87) and taking into account formulas
(88)–(90), we obtain
k2 ¼ 0: ð91Þ
Therefore, the boundary condition (87) takes the form
@V2
@r
ðR; hÞ  h1ðhÞ þ @v2
@r
ðR; hÞ ¼ 0: ð92Þ
In view of (88), we represent the function h1(h) in the form of the
Fourier series
h1ðhÞ ¼ R
X1
m¼1
am cosmhþ bm sinmh: ð93Þ
Thus, the solution of the boundary value problem (86), (92) in the
circle jx  x0j < R can be represented as
V2ðxÞ ¼ R2
X1
m¼1
r
R
 m
ðam cosmhþ bm sinmhÞ: ð94Þ
From (93) and (94), it follows that
@V2
@r
ðR; hÞ  h1ðhÞ ¼ R
X1
m¼2
ðm 1Þðam cosmhþ bm sinmhÞ: ð95Þ
Now let us show that the Fourier series of the function ov2(R,h)/@r
does not also contain the ﬁrst harmonic. Indeed, formula (38) leads
to the equationZ
C
xl
@GðmÞj
@nx
ðxÞdsx ¼ dlm ðm; l ¼ 1;2Þ: ð96Þ
Hence, using the deﬁnition (36) of the function v2(x) and taking into
consideration formula (62), we obtainZ
C
xl
@v2
@nx
ðxÞdsx ¼
Xn
j¼1
2p
X2
r¼1
ðxjr  xr ÞWjrl ðl ¼ 1;2Þ:
Now, taking account of the equality (64), we deriveZ
C
xl
@v2
@nx
ðxÞdsx ¼ 0 ðl ¼ 1;2Þ: ð97Þ
From (97) and (90), it follows directly thatZ 2p
0
@v2
@r
ðR; hÞ cos h
sin h
 
dh ¼ 0: ð98Þ
Thus, substituting the expression (94) into the boundary condition
(87), we obtain
am
bm
 
¼  1
pðm 1ÞR
Z 2p
0
@v2
@r
ðR; hÞ cosmh
sinmh
 
dh ðm ¼ 2;3; . . .Þ:
ð99Þ
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is deﬁned with respect to the circleXwith the center at the point P0
whose coordinates are determined by Eq. (64). The circle X repre-
sents the solution of the limit optimization problem.
The Fourier coefﬁcients a1 and b1 of the function h1(h) cannot be
determined from the solution of the boundary value problem (86),
(83). Since these coefﬁcients describe the translational displace-
ment of the contour C with accuracy up to the terms of order
O(e2), we should put
a1 ¼ 0; b1 ¼ 0: ð100Þ
Formulas (80), (99), and (100) determine the location of the optimal
contour.
8. Effectiveness of the optimal solution
To get an idea of the effectiveness of the constructed optimal
solution, we compare the optimal torsional rigidity of the cross-
section depicted in Fig. 2 with the torsional rigidity of the 3-con-
nected circular cross-section having the same area (Fig. 3).
Consider the torsion problem for a cylindrical elastic bar with a
nearly circular cross-section whose boundary is deﬁned by Eq.
(79), where the function h1(h) satisﬁes the design constraint (88).
Applying the perturbation technique, we obtain the following
expansion for Prandtl’s stress function:
Uðr; hÞ ¼ U0ðr; hÞ þ e2V2ðr; hÞ þ e4V4ðr; hÞ þ    ð101Þ
Here, U0(r,h) = 21(R2  r2), V2(r,h) and V4(r,h) are harmonic func-
tions in the circular domain r < R. In accordance with the asymptotic
expansion
UðRþ e2h1ðhÞ; hÞ ¼ UðR; hÞ þ e2h1ðhÞ @U
@r
ðR; hÞ
þ e
4h1ðhÞ2
2
@2U
@r2
ðR; hÞ þ    ;
we derive the boundary conditions
V2ðR; hÞ ¼ Rh1ðhÞ; ð102Þ
V4ðR; hÞ ¼ h1ðhÞ
2
2
 h1ðhÞ @V2
@r
ðR; hÞ: ð103ÞFig. 2. Optimal cross-section.
Fig. 3. Unperturbed cross-section.The geometric torsional rigidity of the elastic bar with the per-
turbed cross-section is given by
C ¼ 2
Z 2p
0
dh
Z Rþe2h1ðhÞ
0
Uðr; hÞr dr
¼ 2
Z 2p
0
dh
Z R
0
Uðr; hÞr dr þ 2
Z 2p
0
dh
Z Rþe2h1ðhÞ
R
Uðr; hÞr dr: ð104Þ
Moreover, the area of the perturbed cross-section is
S ¼ pR2 þ e
4
2
Z 2p
0
h1ðhÞ2dh: ð105Þ
Without loss of generality, we assume that the variation of the con-
tour is represented by its Fourier series
h1ðhÞ ¼ R
X1
m¼2
am cosmhþ bm sinmh: ð106Þ
Then, from (102) it follows that
V2ðr; hÞ ¼ R2
X1
m¼2
r
R
 m
ðam cosmhþ bm sinmhÞ; ð107Þ
@V2
@r
ðr; hÞ ¼ R
X1
m¼2
r
R
 m1
mðam cosmhþ bm sinmhÞ: ð108Þ
Now substituting (108) into (104) and taking account of (107), we
obtain
C ’ C0 þ2e4
Z 2p
0
dh
Z R
0
V4ðr;hÞrdrþ2

Z 2p
0
dh
Z Rþe2h1ðhÞ
R
e2V2ðR;hÞþ ðr RÞ@U0
@r
ðR;hÞ
 
rdr; ð109Þ
where C0 = pR4/2 is the geometric torsional rigidity of the unper-
turbed cross-section.
In view of (102), formula (109) takes the form
C ’ C0 þ e4 R2
Z 2p
0
h1ðhÞ2dhþ 2
Z 2p
0
dh
Z R
0
V4ðr; hÞr dr
 
: ð110Þ
Employing the second Green formula, we get
2
Z 2p
0
dh
Z R
0
V4ðr; hÞr dr ¼ R2
Z 2p
0
V4ðR; hÞdh: ð111Þ
Now, taking into account formulas (103), (106), and (108), we
obtainZ 2p
0
h1ðhÞ2dh ¼ pR2
X1
m¼2
a2m þ b2m; ð112Þ
Z 2p
0
V4ðR; hÞdh ¼ pR2
X1
m¼2
2m 1
2
a2m þ b2m
 
: ð113Þ
Hence, from (110)–(113), it follows that
C ’ C0  e4 pR
4
2
X1
m¼2
ð2m 3Þ a2m þ b2m
 
: ð114Þ
Now we are in a position to estimate the effectiveness of the con-
structed optimal solution. Making use of the asymptotic formula
(56), we derive the following asymptotic representation for the geo-
metric torsional rigidity of the circular cross-section weakened by
two diametrically opposite circular holes (Fig. 3):
Cð1Þ ’ C0  e24pl2a2
 e4 4pa4l2 R
2
ðR2  l2Þ2
þ R
4 þ 6R2l2
4l2ðR2 þ l2Þ2
 !
þ pa4
( )
: ð115Þ
Fig. 4. Circular cross-section weakened by a system of crosscuts located on
concentric circles.
Fig. 5. Circular cross-section weakened by a system of small crosscuts.
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@Gð1Þ1
@x1
ðP2Þ ¼ @G
ð1Þ
2
@x1
ðP1Þ ¼ R
4 þ 6R2l2 þ l4
8pl2ðR2 þ l2Þ2
:
In contrast to formula (60) obtained for the case of a single circular
hole, formula (115) contains the additional term which is deter-
mined by the interaction between the two holes.
Now let us estimate the geometric torsional rigidity of the per-
turbed cross-section with the two given holes. In this case, we can
write out
Cð2Þ ’ C0 þ e2Cð2Þ1 þ e4Cð2Þ3 ; ð116Þ
where Cð2Þ1 is given by (50). We emphasize that the second correc-
tion Cð2Þ3 coincides with the second correction written out in (115),
because the magnitude of variation of the contour is of order e2.
The representation (36) takes the form
v2ðxÞ ¼ 2pla2 Gð1Þ1 ðxÞ  Gð1Þ2 ðxÞ
 
:
Using formula (108), we get
@V2
@x1
ðl; 0Þ ¼  @V2
@r
ðl;0Þ ¼ R
X1
m¼2
m
lm1
Rm1
am:
Evidently we have rU0(P1) = (l,0)T and rU0(P2) = (l,0)T. Thus, in
view of (101), we obtain
@U
@x1
ðP1Þ ¼  @U
@x1
ðP2Þ ¼ lþ e2R
X1
m¼2
m
lm1
Rm1
am þ Oðe4Þ:
Consequently, formula (50) yields
Cð2Þ1 ¼ 4pl2a2 1 e2
R
l
X1
m¼2
l
R
 m1
mam
 !2
: ð117Þ
Thus, in accordance with (115)–(117), we obtain
Cð2Þ  Cð1Þ ¼ e24pl2a2 1 1 e2 R
l
X1
m¼2
l
R
 m1
mam
 !28<:
9=;: ð118Þ
Recall that the circular holes of radius ae = ea are considered.
By formula (99), we get
am ¼  1pðm 1ÞR
Z 2p
0
@v2
@r
ðR; hÞ cosmhdh ðm ¼ 2;3; . . .Þ:
Using the software package Mathcad, one can obtain
@v2
@r
ðR; hÞ ¼ 8Rl2a2 PðhÞ
QðhÞ ;
where P(h) and Q(h) are trigonometric polynomials given by with
k = l/R
PðhÞ ¼ ð1þ k4Þcos2h 2k2; QðhÞ ¼ ð12kcoshk2Þ2ð1þ 2kcoshk2Þ2:
Note that am = 0 for m odd and am = 4m a2lm/((m  1)Rm+2) for m
even.
Observe that if the holes are introduced in the cross-section
with the torsional rigidity C0, the torsional rigidity is reduced.
The reduced value is given by C(1), see formula (115). If the outer
contour of the cross-section with the holes is optimized, the value
of the torsional rigidity is C(2) (see (116)). Thus, the ratio
(C(2)  C(1))/(C0  C(1)) can be taken as a possible measure of the
effectiveness of the optimal solution. The numerical calculations
performed for a = R, l/R = 0.5, and e = 0.1 show that the decrease
in the torsional rigidity, which is caused by introducing the two
holes, is reduced by 8.2%.9. Discussion
First, let us explain the reason for introducing the quantity d de-
ﬁned by formula (70). With this aim in mind we consider an exam-
ple of the circular cross-section weakened by a system of crosscuts
located on concentric circles, the center of which coincides with
the center of the unperturbed solid circular cross-section (Fig. 4).
It is clear that such circular crosscuts do not inﬂuence the value
of the geometric torsional rigidity (4), because the function (52) and
its normal derivative are constant on the circles jx  P0j = const. In
other words, the solution of the torsion problem for a solid circular
cross-section satisﬁes the boundary conditions (2) and (3). Further,
if these cuts are small, they can be modeled by the small tangential
rectilinear crosscuts (Fig. 5). Observe that the polarization matrix
Wj of a segment has a zero eigenvalue. Moreover, dj = pj in terms
of the notation (67) and (70). Hence, we will have d = 1 in the case
of a system of such rectilinear crosscuts. Consequently, the condi-
tions of the theorem proved in Section 5 are not satisﬁed. In fact,
the denominator of the fraction on the left-hand side of the inequal-
ity (69) turns into zero.
Second, in the singular case d = 1, the limit optimization prob-
lem has multiple solutions or even no solution at all. For instance,
the limit optimization problem with two parallel small rectilinear
crosscuts has inﬁnite solutions (see Fig. 6), whereas the problem
with two disoriented crosscuts can have no solution if the given
area S in the design constraint (5) is relatively small. In fact, the re-
sult depends on the orientation of the rectilinear crosscuts (see
Fig. 7). It is clear that the coordinates of the point of intersection
of the perpendiculars from the crosscuts will satisfy Eq. (64). How-
ever, the distance R* from this point to the crosscuts can exceed the
given value R0 = (S/p)1/2 if the angle between the crosscuts will be
very close to a straight angle.
Finally, it makes sense to consider the singularly perturbed
optimization problem (1)–(6) only for S > jconvPj, where
jconvPj is the area of the convex hall convP of the point set P.
The approach we have developed allows us to evaluate parame-
ters of the optimal contour C which is close to a circle. The case
Fig. 6. Conﬁguration with inﬁnite solutions.
Fig. 7. Conﬁguration where the limit optimization problem has no solution.
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